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Non-proportional hazards:
CABG vs. PCI in ESRD

« Chang et al, JASN 2012:
Multivessel Coronary Artery

Proportion alive
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Percutaneous Coronary
Intervention in ESRD
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Definitions of Average Hazard Ratios (AHR)

« How could an AHR be defined?

« Average the hazard ratio:

ho(t)
B j hy(t) 45()

« What if groups are swapped...?
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Definitions of Average Hazard Ratios (AHR)

« How could an AHR be defined?

« Ratio of average hazards:

—J ho(©)dS(t)
—J h (£)dS(t)

« Not straightforward to estimate...
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Definitions of Average Hazard Ratios (AHR)

« How could an AHR be defined?

« Ratio of average partial hazards:

—J [ho(©)/(£)] dS(t)
—J [h1(©)/h(£)] dS(t)

« As we will see, this definition can be estimated by a weighted
Mantel-Haenszel estimator and connects to other measures of
Interest
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AHR of Kalbfleisch and Prentice (1981)

« The weight function —dS(t) reflects the relative importance of the
hazard ratios in different time periods

« Kalbfleisch and Prentice considered the class S,(t) = S§(t)S{(t)

e Fora =1/2:

« weighting function is common density f(t) = —d{[SO(t)Sl(t)]%}/dt,

« Average hazard ratio is AHRyy (MH is for Mantel-Haenszel)
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AHR of Kalbfleisch and Prentice (1981)

« The weight function —dS(t) reflects the relative importance of the hazard
ratios in different time periods

« Kalbfleisch and Prentice considered the class S, (t) = S§(t)S{(t)

« Fora =1:
« weighting function is —dS(t)/d(t) = Sy(t)S,(t)h(t) as-ds®) = f(t) = h()S®)
« Average hazard ratio is AHR,., (OC is for odds of concordance)

—J [ho(®)/h(t)] dS(t) P(To <Ty)

—[m®O/ADO]dSE)  1-P(To<Ty)
Wakounig et al, SMMR 2015

AHROC —
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What does it mean?

Average hazard ratio = odds of concordance
AHR/(1+AHR) = concordance probability

« This is true, even for non-proportional hazards, if usinga =1

« The time-dependent HR might be difficult to explain

« However, the concordance probability P(T, < T;) is a clearcut
measure of treatment effect
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Under proportional hazards...

Under proportional hazards, HR/(1+HR) = concordance probability

Then, 6(t) = Zigg =0, and it follows S;(t) = S,(t)?

Define ¢ = P(Ty < Ty) = [ f1(£)Sy(1).

¢ _ P(<Ty) _ [ fi(©)So(®) _ [ Ohe(DSe(0)®+L _
Then, 1-c  P(To<Ty) [ fo®)S1(t)  [ho(t)Sp(t)0+1 0

Dunkler et al, Bioinformatics 2010
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To estimate a ratio or to test a difference
— the same thing?

» Summarize data at each of m distinct failure time points t;:

Group Died Survived Total
Go dﬂ;‘ Noj — dn;' Noj
G| d” ﬂ”—d” ﬂ”
Total d; n,—d; n;

« Define the weighted log-rank statistic T for no group effect on
survival as

= 2 wj (doj — an.dj)/‘/V
7

n;
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@

To estimate a ratio or to test a difference
— the same thing?

Interestingly, T can be rewritten as:

_— Z Y doj(nij —dij) Z - dy;(no; —doj) _ A p
P =

For w; = 1, this is Mantel’s log-rank test statistic T, and
the Mantel-Hanszel estimate of the relative risk is
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To estimate a ratio or to test a difference
— the same thing?

« The close relationship of RR,,; = A/B and the Mantel log-rank
statistic Ty, = A — B have fallen in oblivion

* For other, weighted log-rank statistics this has not even received
attention:

» Consider w; = $(¢;) or w; = n;:
T = A — B is then the Prentice or Breslow test statistic,
RR = A/B is a corresponding average relative risk,

weighted by ,importance’
it estimates the AHR,, = OC
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Censoring

« Censoring can easily be accommodated in this scheme by inverse
probability of follow-up weights:

» G(t) is the estimated probability to be still under follow-up at ¢,

« can be estimated by Kaplan-Meier (with reverse status indicator)
or (directly) by

G_l(t) _ N(0)S(t) _ expected N atrisk

o ith N(¢) th ber at risk at
N(t) observed N at risk with N(t) the number at risk at ¢

« The proposed weight is therefore w(t) = S(t)G~1(t)
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The pragmatic approach of Schemper et al 2009

« Schemper et al (StatMed 2009) proposed ,Weighted Cox regression
to estimate AHR,

 They suggested to use Cox regression, where the contributions at
each failure time are weighted by S(t)G~1(t)

 In the simple two-group comparison, they use the Kaplan-Meier
estimate S(t) instead of the (proper)

[So(£) f1.(8) + S: (@) fo(D]/[fo(®) + f1(D)]

 The approximation error is negligible unless AHR, is very large
(AHR,->4 and considerably non-proportional hazards)
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Two folklores — Mantel-Haenszel and Cox

« Mantel-Haenszel: « Cox:
« Sum up hazard in group 1 « Partial log likelihood is a sum
« Sum up hazard in group 0 over risk sets
. Take the ratio * ‘Find log HR that best fits all risk
sets’

« Using appropriate weights for risk

« Using appropriate weights, AHR, sets, AHR, can be estimated

can be estimated
e Dealt with in

Schemper et al, StatMed 2009
Dunkler et al, Bioinformatics 2010
Dunkler et al, JStatSoft 2016

* Dealt with in
Wakounig et al, SMMR 2015
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CABG vs. PCI revisited

Estimate | HR | 95%Cl___

Cox 0.82 0.80-0.85
Weighted Cox 0.81 0.78-0.84
(30% censoring)

Proportion alive
00 02 04 06 08 1.0
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CABG vs. PCI revisited

Estimate | HR | 95%Cl___

Cox 0.82 0.80-0.95
Weighted Cox 0.81 0.78-0.84
Cox stopped at 2 years 0.79 0.75-0.82

Weighted Cox stopped at 0.81 0.78-0.84
2 years

(58% censoring)

Proportion alive
00 02 04 06 08 1.0
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CABG vs. PCI revisited

Estimate | HR | 95%Cl___

Cox 0.82 0.80-0.95
Weighted Cox 0.81 0.78-0.84
Cox stopped at 2 years 0.79 0.75-0.82

Weighted Cox stopped at 0.81 0.78-0.84
2 years

Cox stopped at 2 years, 0.92 0.87-0.97
exponential censoring

Weighted Cox stopped at 0.77 0.70-0.85 o 2 4 6 8 10 12
2 years, exponential
censoring

Proportion alive
00 02 04 06 08 1.0

(75% censoring)
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CABG vs. PCI revisited, including IPTW weights

To account for confounding, analysis was weighted
by inverse probability of received treatment weights

Estimate | HR | 95%Cl___

Cox 0.85 0.83-0.87
Weighted Cox 0.86 0.83-0.89
Cox stopped at 2 years 0.81 0.79-0.84

Weighted Cox stopped at 0.84 0.80-0.88
2 years

Cox stopped at 2 years, 0.96 0.92-0.99
exponential censoring

Weighted Cox stopped at 0.81 0.73-0.91 o 2 4 6 8 10 12
2 years, exponential
censoring

Proportion alive
00 02 04 06 08 1.0
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Weight functions for the case

,stopped at 2 years, exponential censoring’
« Cox uses constant weights of 1

For Weighted Cox, the

decreasing S(t) and sharply . |
increasing G~1(t) weights v

---- survival
6 censoring

—— combined (normalized)

combine into an increasing total
weight

weight
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CABG vs. PCI revisited, including IPTW weights

Pr(Tcage < Tpcp) €an easily be obtained by transforming the AHR:
PF(TCABG < TPCI) = AHR/(l + AHR)

mm 95%C| 95%C|

0.85 0.83-0.87
Welghted Cox 0.86 0.83-0.89 0.462 0.453-0.471
Cox stopped at 2 years 0.81 0.79-0.84
Weighted Cox stopped at 2 0.84 0.80-0.88 0.456 0.445-0.467
years
Cox stopped at 2 years, 0.96 0.92-0.99
exponential censoring
Weighted Cox stopped at 2 0.81 0.73-0.91 0.448 0.422-0.475
years, exponential
censoring
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[Limitation

« Multivariable models and weighted Cox regression:
« WCR still ,assumes’ proportional hazards
« Misspecification of one variable can lead to biased estimates of
other variables
« Workaround provided in Dunkler et al, 2016
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Conclusions (1)

« Weighted Cox regression and weighted RR can estimate AHR,
* This can then be translated in a concordance probability Pr(T, < T;)

 Under non-PH, the Cox HR can be very sensitive to the censoring
pattern

« Often AHR by weighted Cox and HR by standard Cox coincide
« Cox can then have efficiency advantages

« Weighted Cox AHR estimate can be seen as ,proof of robustness
to non-PH*
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Conclusions (2)

« As demonstrated, method works well for comparing treatments,
either in randomized or in non-randomized studies (with IPTW
weighting)

« Another extension is ,concordance regression' as proposed by
Dunkler et al 2010, implemented in concreg R package
It estimates Pr(T, < T,), or its generalization Pr(T,,; <T,)

It can also be used to estimate non-parametric c-indices for fitted

survival models Pr(T,, <T,,|x; > x;) -> equivalent to Uno’s (2011)
method
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Credits to: Samo Wakounig, Michael Schemper

Heinze, Wakounig, Schemper (2007): Exploring the forest in the Lower Austrian Waldviertel under considerable hazards
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